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We investigate the properties of a spin-orbit coupled quasi-two-dimensional Fermi gas with tun-
able s-wave interaction between the two spin species. By analyzing the two-body bound state, we
find that the population of the excited states in the tightly-confined axial direction can be significant
when the two-body binding energy becomes comparable to or exceeds the axial confinement. Since
the Rashba spin-orbit coupling that we study here tends to enhance the two-body binding energy,
this effect can become prominent at unitarity or even on the BCS side of the Feshbach resonance.
To study the impact of these excited modes along the third dimension, we adopt an effective two-
dimensional Hamiltonian in the form of a two-channel model, where the dressed molecules in the
closed channel consist of the conventional Feshbach molecules as well as the excited states occu-
pation in the axial direction. With properly renormalized interactions between atoms and dressed
molecules, we find that both the density distribution and the phase structure in the trap can be
significantly modified near a wide Feshbach resonance. In particular, the stability region of the
topological superfluid phase is increased. Our findings provide a proper description for a quasi-two-
dimensional Fermi gas under spin-orbit coupling, and are helpful for the experimental search for the
topological superfluid phase in ultra-cold Fermi gases.
PACS numbers: 67.85.Lm, 03.75.Ss, 05.30.Fk
I. INTRODUCTION
Recent experimental realizations of spin-orbit coupling
(SOC) in ultra-cold atoms [1–3] stimulate a new wave of
exploration for exotic phases in polarized Fermi gases [4–
16]. The competition between polarization, pairing su-
perfluidity and SOC gives rise to rich phase structures. In
three dimensions, two different topologically non-trivial
superfluid phases with gapless excitations exist [7–12]. In
two dimensions, a topological superfluid (TSF) phase [17]
which supports Majorana zero mode at the core of vor-
tex excitations can be stabilized [13, 14]. It has been
demonstrated that the topological superfluid phase has
large stability region near a wide Feshbach resonance,
where the strong interaction also ensures the stability
of the system against collisional losses and increases the
critical temperature [15, 16]. This makes the quasi-2D
polarized Fermi gas with SOC and strong interaction an
ideal system for the realization of TSF state. Experimen-
tally, quasi-2D Fermi gases are implemented by applying
a strong confinement along the axial (z) direction and a
weak harmonic trapping potential in the transverse (x-
y) plane. Depending on the experimental design, it is
possible to realize either a one-dimensional array [18] or
a single layer [19] of quasi-2D Fermi gases. When the
energy of the two-body bound state is small, the excited
states in the axial direction are not significantly occu-
pied at low temperatures. In this case, the axial de-
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grees of freedom can be easily integrated out, leaving an
effective two-dimensional (2D) Hamiltonian with renor-
malized atom-atom interactions [20–22]. However, with
large two-body bound state energy, it has been shown
that the occupation of axial excited state can be signifi-
cant, and the degrees of freedom along the third dimen-
sion can lead to measurable many-body effects on the
BEC side of the Feshbach resonance [23–27]. In this case,
the many-body properties can be characterized by an ef-
fective two-channel model with renormalized interactions
between atoms and dressed molecules, where the dressed
molecules consist of Feshbach molecules and atoms in the
axial excited states.
In this work, we extend the effective two-channel model
to describe quasi-2D Fermi gases with SOC. To incorpo-
rate the effective Zeeman field which will be present in
certain experimental schemes [1–3], we also take popula-
tion imbalance into consideration. We demonstrate that
the occupation of the axial excited states can lead to non-
trivial effects and hence such an extension is important
for a proper description of the system. We first solve the
two-body problem within quasi-2D confinement, and find
that the presence of SOC causes an increase of the excited
modes population along the axial direction. This ob-
servation indicates that the third dimension would mat-
ter in a larger parameter region across the BCS-BEC
crossover, and have to be taken into account to describe
the quasi-2D, but truly three-dimensional (3D) system.
We then adopt an effective 2D Hamiltonian in a two-
channel model form and determine the parameters by
matching single- and two-body physics of the original
Hamiltonian. In order to demonstrate the significance of
dressed molecules, we investigate the phase structure and
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2density distribution of a trapped quasi-2D Fermi gas and
compare results of our proposed two-channel model and
those of the oversimplified single-channel model. We find
that by correctly incorporating the dressed molecules,
both the phase structure and density profiles can be sig-
nificantly modified near a Feshbach resonance. Typi-
cally, the phase boundaries between the TSF state and
the conventional superfluid (SF) state are shifted in the
trap. Under certain conditions, the inclusion of dressed
molecules can even qualitatively alter the in-trap phase
structure and induce an additional TSF phase which is
not present in a single-channel calculation. In either case,
the stability region of the TSF phase is increased. Inter-
estingly, we find that even a small closed-channel popu-
lation can lead to significant changes in density profiles
and/or phase structures. This suggests that the signifi-
cance of dressed molecules may be probed experimentally
near a wide Feshbach resonance.
In the framework of the effective two-channel model,
the dressed molecules are modelled as structureless
bosons, which consist of equal number of spin-up and
spin-down fermions. This is in contrast to the various
exotic superfluid phases. Indeed, the effects of dressed
molecules on the phase structure can be qualitatively un-
derstood by considering the accommodation of spin im-
balance among various phases in the trap. For a 3D
polarized Fermi gas without SOC, typically, the com-
petition between pairing and polarization can lead to
the emergence of exotic phases, e.g., Fulde-Ferrel-Larkin-
Ovchinnikov (FFLO) phase [28, 29] or the breached pair-
ing (BP) phase [30] etc., in addition to the quantum
phase transition between the SF and the normal states.
In fact, as the conventional s-wave pairing superfluid
state does not support population imbalance at zero tem-
perature, normal phase or more exotic phases must exist
in the trap to accommodate polarization. The require-
ment of accommodating population imbalance is more
crucial in a quasi-low-dimensional configuration, in which
case atoms are inevitably populated to excited states
in the strongly confined direction. These axial excited
states are induced by inter-species s-wave interaction,
such that they are significantly populated only when a
spin-up fermion and a spin-down fermion form a tightly
bound molecule. Thus, there is no spin imbalance in the
axially excited states, and the spin imbalance has to be
taken care of by the atoms left in the ground state of the
confinement. As a consequence, we note that the inclu-
sion of dressed molecules in a polarized quasi-2D Fermi
gas without SOC would lead to measurable many-body
effects, including a possible enhanced stability region of
the exotic phases there.
The situation is similar in the presence of SOC. Here,
pairing parity is mixed, which leads to a small amount
of population imbalance in the SF phase in the presence
of an effective Zeeman field at zero temperature. How-
ever, this is overcome by the absence of normal state
due to an SOC-induced pairing instability. More impor-
tantly, when the Zeeman splitting induced by the effec-
tive magnetic field is much smaller than the axial con-
finement, the spin imbalance of the axial excited states
becomes negligible. Hence, the lack of mechanism of the
system to accommodate polarization otherwise leads to
an enlarged stability region of the exotic TSF phase in
a trap. With experimental achievements in preparing
and probing quasi-low-dimensional Fermi gases [31–34],
as well as the recent realization of SOC in ultra-cold
Fermi gases [2, 3], our findings here should be helpful
for future experiments.
The paper is organized as follows: in Sec. II, we con-
sider a two-body problem in quasi two dimensions in the
presence of SOC and solve for the two-body bound state.
We find that the population in the excited harmonic
modes along the axial direction can become significant
at unitarity or even on the BCS side of the resonance.
To incorporate the effect of these excited modes, in Sec.
III we write down an effective 2D Hamiltonian in a two-
channel model form, and fix the parameters by match-
ing single- and two-body physics. We then study typi-
cal phase structures of a trapped gas by using the effec-
tive two-channel model and discuss the effects of dressed
molecules in Sec. IV. Finally, we summarize in Sec. V.
II. TWO-BODY BOUND STATE IN QUASI-2D
CONFINEMENT
We consider a two-component Fermi gas confined in
a one-dimensional harmonic potential with trapping fre-
quency ωz. In the presence of SOC, the system can be de-
scribed by a conventional two-channel field theory around
a Feshbach resonance [35, 36]
H = H0 +Hsoc +Hbf +Hint. (1)
The terms in the Hamiltonian are
H0 =
∑
σ=↑,↓
∫
d3rψ†σ
(
−~
2∇2
2mf
+
1
2
mfω
2
zz
2
)
ψσ
+
∫
d3rφ†
(
−~
2∇2
4mf
+mfω
2
zz
2 + ν¯b
)
φ,
Hbf = g¯b
∫
d3r
(
φ†ψ↓ψ↑ + H.C.
)
Hint = U¯b
∫
d3rψ†↑ψ
†
↓ψ↓ψ↑, (2)
where ψσ(r) is the fermionic field operator with spin in-
dex σ = (↑, ↓), φ(r) is the bosonic molecular field opera-
tor, ν¯b is the bare detuning, g¯b is the bare atom-molecule
coupling constant, U¯b is the bare background scatter-
ing amplitude, and H.C. stands for Hermitian conjugate.
Here, we assume a contact interaction between atoms.
The bare scattering parameters are related to the physi-
cal ones (with subscript p) via the standard renormaliza-
3tion relations [37]
U−1c = −
∫
d3k
(2pi3)
1
2¯k
, Γ−1 = 1 +
U¯p
Uc
,
U¯p = Γ
−1U¯b, g¯p = Γ−1g¯b, ν¯p = ν¯b + Γ
g¯2p
Uc
. (3)
Here, ¯k = ~2k2/(2mf ) is the dispersion relation for
atoms with mass mf and 3D momentum k, and the in-
tegral is taken in three dimensions with an explicit 2D
energy cutoff Ec, so U−1c =
√
Ec/2
3/2pi. The physical
parameters can be obtained from the scattering measure-
ments with
U¯p =
4pi~2abg
mf
, g¯p =
√
4pi~2µcoW |abg|
mf
,
ν¯p = µco(B −B0), (4)
where abg is the 3D background scattering length, W is
the resonance width, µco is the difference in magnetic
moments of the closed and open channels, and B0 is the
resonance position.
The second term in the Hamiltonian Eq. (1) represents
the spin-orbit coupling (SOC). In the following discus-
sion, we consider only the Rashba type SOC as
Hsoc = −i~λ¯
∫
d3rψ¯† (σx∂x + σy∂y) ψ¯. (5)
The parameter λ¯ is the SOC constant, σi=x,y are the
Pauli matrices, and ψ¯ = (ψ↑, ψ↓)T . This SOC term
couples particles with different spins such that spin is
no longer a good quantum number. Instead, the single-
particle Hamiltonian can be diagonalized in the helicity
basis where each helix corresponds to particles with in-
plane spin parallel or antiparallel to the in-plane momen-
tum.
To discuss the two-body bound state, we notice that
the center-of-mass (CoM) degree of freedom along the
axial direction is not affected by the interaction nor the
SOC and can be separated from the relative coordinate
under a harmonic potential. Thus, we can assume the
CoM degree of freedom is in the ground harmonic mode
along the z-direction. In this CoM frame, the terms in
Hamiltonian Eq. (1) can be rewritten in a second quan-
tized form by expanding the field operators ψσ and φ in
terms of harmonic oscillators along the z-direction and
plane waves in the x-y plane
H0 =
∑
m,k,σ
(εm + k) c
†
m,k,σcm,k,σ
+
∑
`,q
(νb + ε` + q/2) b
†
`,qb`,q,
Hsoc = λ
∑
m,k
[
(kx − iky)c†m,k,↑cm,k,↓ + H.C.
]
,
Hbf = gb
∑
m,n,`,k,q
γmn`
(
b†`,qcm,−k+q/2,↓cn,k+q/2,↑
+H.C.
)
Hint = Ub
∑
m,n,k,m′,n′,k′,q
γm
′n′
mn c
†
m,k+q/2,↑c
†
n,−k+q/2,↓
×cn′,−k′+q/2,↓cm′,k′+q/2,↑. (6)
Here, we have used the z-direction trapping energy
~ωz as the energy unit, and its characteristic length
at =
√
~/(mfωz) as the length unit. The corre-
sponding dimensionless parameters are defined as gb =
g¯ba
−3/2
t /(~ωz), Ub = U¯ba
−3
t /(~ωz), νb = ν¯b/(~ωz), and
λ = λ¯a−1t /(~ωz). The bosonic field b`,q represents the
molecular state with axial harmonic mode ` and 2D
transverse momentum q, which is also dimensionless in
the unit of a−1t . The fermionic field cm,k,σ represents
atomic state with axial harmonic mode m and 2D mo-
mentum k, and is characterized with axial mode energy
εm = m + 1/2 and plane wave energy k = (k2x + k2y)/2
in the dimensionless form. The factors appearing in Hbf
and Hint are defined as overlap of harmonic oscillators
γmn` = 2
1/4
∫
dzΦm(z)Φn(z)Φ`(
√
2z),
γm
′n′
mn =
∫
dzΦm(z)Φn(z)Φm′(z)Φn′(z)
=
∑
`
γmn`γ
∗
m′n′`. (7)
Here, Φn is the wavefunction of the nth harmonic oscil-
lator
Φn(x) =
e−x
2/2
pi1/4
√
2nn!
Hn(x) (8)
with Hn(x) the nth Hermite polynomial.
A general two-body state involving atoms and molecule
can be written as the following ansatz
|Ψ〉`,q =
(
β`,qb
†
`,q +∑
m,n,k
′∑
σ,σ′
ησσ
′
`,m,n,k,qc
†
m,k+q/2,σc
†
n,−k+q/2,σ′
)
|0〉, (9)
where
∑′
m,n,k indicates summation over mode (m,n) and
transverse momentum k for ky > 0. The summation
4over spin runs over all four combinations of (σ, σ′). The
coefficients β`,q and ησσ
′
`,m,n,k,q are determined by solving
the Schrödinger’s equation H|Ψ〉`,q = E`,q|Ψ〉`,q under
the normalization relation.
Under the quasi-2D condition, the z confinement is
much greater than the Fermi energy EF and temperature
kBT . In this case, the population of two-body states
with nonzero CoM axial mode ` > 0 is very limited, and
the system’s properties will be dominated by two-body
physics in the ` = 0 subspace. Next, we focus on two-
body states with zero axial mode ` = 0, and obtain the
equations determining the two-body bound state energy
and the corresponding coefficients β and η’s
Sp(Eq) =
[
Up −
g2p
νp + q/2− Eq
]−1
, (10)
βq =
[
1− Z2p(Eq)
∂Sp(Eq)
∂Eq
]−1/2
, (11)
|η↑↑m,n,k,q|2 = |η↓↓m,n,k,q|2 =
λ2|ηsm,n,k,q|2
E2m,n,k,q
(kx − λ2qy(−kxqy + kyqx)E2m,n,k,q − λ2q2
)2
+ (x↔ y)
 , (12)
η↑↓m,n,k,q =
1
2
(
ηsm,n,k,q + η
t
m,n,k,q
)
, (13)
η↓↑m,n,k,q =
1
2
(
ηtm,n,k,q − ηsm,n,k,q
)
, (14)
where the functions are defined as
Sp(Eq) ≡
∑
m,n,k
γ2mn0
[
P−1m,n,k,q +
1
2k
]
, (15)
Zp(Eq) ≡ gp − Up
gp
(νp + q/2− Eq) , (16)
Pm,n,k,q ≡ Em,n,k,q − 4λ
2k2
Em,n,k,q −
4λ4 (kxqy − kyqx)2
Em,n,k,q
(
E2m,n,k,q − λ2q2
) , (17)
ηsm,n,k,q =
2γmn0Zp
Pm,n,k,q βq, (18)
ηtm,n,k,q =
2iλ2 (−kxqy + kyqx)
Em,n,k,q − λ2q2 η
s
m,n,k,q (19)
with Em,n,k,q = Eq−k2−1−m−n−q2/4. Here, we drop
the subscript ` = 0 in Eq, βq and η’s to simplify notation.
The dimensionless physical parameters are related to the
bare ones via the same renormalization relations as in
Eq. (3). The coefficients γmn0 = 0 for m+ n is odd, and
γmn0 =
(−1)(m−n)/2
(2pi3)1/4
√
m!n!
Γ
(
m+ n+ 1
2
)
(20)
for m+ n is even, where Γ(x) is the Euler Gamma func-
tion.
The energy of two-body bound state is determined by
solving Eq. (10), and the corresponding eigenstate can
be extracted from Eqs. (11 - 14). As typical examples,
we focus on the s-wave wide Feshbach resonances around
B0 = 202 G for 40K and B0 = 834 G for 6Li. The scat-
tering parameters are taken to be the same as the cases
without SOC, withW = 8 G, abg = 174aB , µco = 1.68µB
for 40K [38–40], and W = 300 G, abg = −1405aB ,
µco = 2µB for 6Li [41]. With a typical trapping frequency
ωz = 2pi×62 kHz [18], the dimensionless physical param-
eters are then given by gp = 23 (272), Up = 1.7 (−5.5)
for 40K (6Li). We notice that in the presence of SOC, the
open and closed channels involved in the Feshbach reso-
nance will be altered since the spin is no longer a good
quantum number. This modification can quantitatively
change the resonance position as well as the scattering
parameters. However, as long as we express the phys-
ical quantities in terms of the 3D scattering length as,
the results would remain valid due to the requirement of
universality.
We first consider two-body bound states with zero
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Figure 1: (Color online) Two-body bound state energy vs de-
tuning for (a) 40K and (b) 6Li with transverse CoM momen-
tum q = 0. (c) When plotted as functions of at/as, results for
40K and 6Li are almost indistinguishable, showing universal
behavior around unitarity. (d) The presence of SOC tends to
enhance the two-body binding energy, which is the difference
between bound state energy and open-channel threshold.
transverse CoM momentum q = 0. We show in Fig. 1
the eigenstate energy Eq=0 of two-body bound states for
(a) 40K and (b) 6Li. For both cases, a bound state is al-
ways present around the resonance point. This result is
a combined effect of axial confinement and Rashba SOC,
which both drive the system to an effective 2D model
in the low-energy limit. For 40K, the bound state en-
ergy saturates to a limiting value on the deep BEC side,
as a direct consequence of its positive background scat-
tering length [23, 42]. The bound state energy can also
be illustrated as a function of the 3D scattering length,
as shown in Fig. 1(c). In this plot, results for 40K and
6Li are not distinguishable around the resonance point,
indicating universal behavior at unitarity.
In order to discuss the SOC effect, we show in Fig. 1(d)
the binding energy of the bound state as the difference be-
tween the eigenstate energy and the open channel thresh-
old −|Eb(q = 0)| = Eq=0 −Eth. In the presence of SOC,
the open channel consists of two colliding particles re-
siding on the ground state of the lower helicity band.
Thus, the threshold Eth = −λ2 + 1/2, where 1/2 denotes
the zero-point energy of the relative degree of freedom
along the confined direction. From Fig. 1(d), we notice
that SOC tends to enhance the two-body binding en-
ergy throughout the entire BCS-BEC crossover region.
This is understandable considering the fact that SOC
increases the single particle density of states in the low-
energy limit.
In Fig. 2, we show the molecular fraction |β|2 and
the population distribution in the axial harmonic levels
within the two-body bound state for 40K. The population
distribution in the axial (m,n) mode is a combination of
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Figure 2: (Color online) Population fraction of the two-body
bound state in different axial harmonic levels for 40K. Excited
axial states are significantly populated around unitarity and
on the BEC side of the resonance, as a direct consequence
of the increasing two-body binding energy. The presence of
SOC tends to enhance the binding energy, hence makes the
population in excited states more prominent and may become
notable even on the BCS side of the resonance. Results for
6Li are similar as plotted as functions of at/as.
all four spin states Pm,n =
∑
σσ′
∑′
k |ησσ
′
m,n,k,q=0|2. From
these results, one can see clearly that many axial ex-
cited states are occupied. The population fraction still
goes down as the energy of the modes goes up, but the
convergence is poor and there are so many excited har-
monics that the total population in the excited levels be-
comes significant at unitarity and eventually dominates
on the BEC side of the resonance. This result is a direct
consequence of the two-body binding energy approaching
or exceeding the axial confinement, which can populate
fermions to axial excited states. As SOC tends to en-
hance the two-body binding energy, this effect will be
more eminent with stronger SOC, such that the popu-
lation in excited harmonics can become dominant even
on the BCS of the resonance. The results for 6Li show
similar behavior when plotted as functions of at/as.
Next, we discuss general two-body bound states with
finite transverse CoM momentum. For cases with small
q, we can expand the bound state energy as Eq ≈
Eq=0 + q
2mf/(2meff) with meff the effective mass of
dimers. In the BCS limit with |Eq=0|  λ2, the molecu-
lar effective mass is meff → 4mf , while in the BEC limit
with |Eq=0|  λ2, meff tends to the limiting value of
2mf . By tuning through the Feshbach resonance from
the BCS to the BEC limit, the effective mass decreases
monotonically as shown in Fig. 3(a). For a given scatter-
ing length, meff is larger for stronger SOC, as indicated
in Fig. 3(b). The effective mass also acquires universal-
ity where the results for 40K and 6Li are close around the
resonance point.
64.0
3.5
3.0
2.5
2.0
m e
ff /
m f
-8 -4 0 4
at /as
 h = 2.0
 h = 1.0
 h = 0.5
 h = 0.0
(a) 3.5
3.0
2.5
2.0
m e
ff /
m f
543210
h
at /as = 2
1
0
-1
-2
(b)
Figure 3: (Color online) Effective mass meff of the two-body
bound state for 40K. (a) In the presence of SOC, meff ap-
proaches 4mf in the BCS limit, and decreases monotonically
to the limiting value of 2mf in the BEC limit. (b) The effec-
tive mass becomes larger with stronger SOC intensity. Results
for 6Li are similar as functions of at/as.
Up to now, we have discussed two-body bound state
in a two-component Fermi gas with Rashba SOC con-
fined in quasi two dimensions. We find that the axial
excited harmonic levels will be significantly populated
as the dimer’s binding energy becomes comparable to or
exceeds the axial confinement energy. Compared to the
case without SOC, this effect is more dramatic in the
presence of SOC as the two-body binding energy is in-
creased. As a direct consequence, the population of axial
excited modes can be important even in the BCS regime
provided that the SOC strength is large enough. In this
case, these higher excited states must be taken into ac-
count for a correct description of the underlying system.
For this purpose, next we present a 2D effective model
which incorporates the effect of axial exited states into a
so-called dressed molecule state. This model can describe
the quasi-2D, but truly 3D Fermi gas in the low-energy
limit.
III. DRESSED MOLECULE AND EFFECTIVE
2D HAMILTONIAN
In order to write down the correct effective 2D the-
ory, we notice that the original quasi-2D Hamiltonian
Eq. (6) contains three types of degree-of-freedom (DoF),
including fermions in the axial ground state, fermions
in axial excited states, and Feshbach molecules. These
three types of DoF can be categorized into different
length and energy scales. For fermions in the axial
ground state, the corresponding length and energy scales
are the inter-particle separation d and the Fermi energy
EF , respectively. For fermions in axial excited states,
the corresponding length and energy scales are at and
~ωz. The Feshbach molecular state is related to the
short-range details of the atom-atom interaction poten-
tial, which has length scale Re and energy scale Ve. In
ultra-cold Fermi gases with quasi-2D confinement, these
three length and energy scales are usually well separated,
satisfying d  at  Re and EF  ~ωz  Ve. This
observation allows us to write down an effective Hamil-
tonian to describe physics in the long-wavelength and
low-energy limit.
We combine the high-energy DoF including fermions
in axial excited states and the Feshbach molecule to de-
fine a molecular state, which we call the dressed molecule
since it can be viewed as the Feshbach molecule dressed
by excited fermions [23, 24]. Notice that the dressed
molecule is structureless since all short-range details asso-
ciated with excited fermions and the Feshbach molecule
become irrelevant in the low-energy regime. With this
dressed molecule and the fermions in the axial ground
state, we write down an effective 2D Hamiltonian in the
form of a two-channel model (also in dimensionless form
with length unit at and energy unit ~ωz)
Heff =
∑
k,σ
ka
†
k,σak,σ +
∑
q
(δb + q/2) d
†
qdq
+λ′
∑
k
[
(kx − iky)a†k,↑ak,↓ + H.C.
]
+αb
∑
k,q
(
d†qak+q/2,↑a−k+q/2,↓ + H.C.
)
+Vb
∑
k,k′,q
a†k+q/2,↑a
†
−k+q/2,↓a−k′+q/2,↓ak′+q/2,↑.(21)
Here, a†k,σ(ak,σ) are fermionic creation (annihilation) op-
erator in two dimensions, k = k2/2 is the corresponding
dispersion relation, d†0 and d0 denote the dressed molec-
ular operators, and the Rashba SOC is characterized by
the effective coupling constant λ′. The three bare scat-
tering parameters δb, αb, and Vb can be linked to physical
ones via a 2D renormalization analogous to Eq. (3)
V −1c = −
∫
d2k
(4pi2)
1
2k + 1
, Ω−1 = 1 +
Vp
Vc
,
Vp = Ω
−1Vb, αp = Ω−1αb, δp = δb + Ω
α2p
Vc
.(22)
The parameters in the effective Hamiltonian are de-
termined by the following considerations. First, we re-
quire the effective model to give the correct open channel
threshold, which represents the energy of two particles
when they are far apart. In other words, the effective
theory needs to reproduce the single-particle dispersion
in the low-energy limit. Second, when the system is far
away from resonance where the population of both the
Feshbach molecule and excited fermions are negligible,
the quasi-2D Fermi gas can be well described by a 2D sys-
tem with all fermions staying in the axial ground state.
This observation indicates that the background interac-
tion Vb in the effective 2D theory should be related to
the 3D background interaction Ub by integrating out the
harmonic ground state wavefunction along the axial di-
rection.
By tuning through the Feshbach resonance, we further
require the effective 2D model to reproduce the correct
two-body physics. In fact, since the possibility for three
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Figure 4: (Color online) Parameters in the effective 2D Hamil-
tonian as functions of at/as. The energy independent back-
ground scattering amplitude Vp for different SOC constants
are: 3.134 (λ=0), 3.147 (λ=1), 3.186 (λ=2), 3.341 (λ=4) for
40K, and -1.801 (λ=0), -1.828 (λ=1), -1.914 (λ=2), -2.155
(λ=4) for 6Li.
and more particles come to a close range is exponentially
small in dilute atomic gases, the low-energy physics is
dominated by two-body processes. For the quasi-2D sys-
tem around the BCS-BEC crossover, the ground state
is always a two-body bound state with axial CoM mode
` = 0 and transverse CoM momentum q = 0. There-
fore, the effective 2D theory should give the same two-
body binding energy |Eb(` = 0, q = 0)| as the original
Hamiltonian. Besides, since the dressed molecule is a
phenomenological combination of the Feshbach molecule
and axial excited fermions, we also require the population
of dressed molecule to match the population of Feshbach
molecule plus that of the dimers formed with axial ex-
cited fermions.
To study the two-body problem within the effective 2D
model, we take the ansatz wavefunction as
|Φ〉q =
βd†q +∑
k
′∑
σ,σ′
ησσ
′
k a
†
k+q/2,σa
†
−k+q/2,σ′
 |0〉,
(23)
where
∑′
k indicates summation over 2D momentum with
ky > 0, and the summation over spins runs over all four
combinations of (σ, σ′). We focus on the case with q = 0
and substitute the wavefunction into the Schrödinger’s
equation Heff |Φ〉q=0 = Eb|Φ〉q=0, which leads to[
Vp −
α2p
δp − Eb
]−1
=
√
2piσp(Eb), (24)
where the function σp is defined as
σp(Eb) =
∫
d2k
(2pi)5/2
[
1
Eb − 2k − 4(λ′)2k2Eb−2k
+
1
1 + 2k
]
−b
pi + 2tan−1
(
b+2Eb√
−b(4Eb+b)
)
8pi
√
2pi
√−b(4Eb + b) + ln(−Eb)4pi√2pi (25)
and b ≡ 4(λ′)2 is used to simplify notation.
With these results, we can fix the parameters in the
effective 2D Hamiltonian by matching single- and two-
body physics as discussed above
λ′ = λ,
V −1p =
√
2pi
(
U−1p − Cp
)
,
δp = Eb − σp(Eb)
∂P(Eb)/∂Eb
(
1− σp(Eb)
U−1p − Cp
)
,
α2p =
1√
2pi∂P(Eb)/∂Eb
(
1− σp(Eb)
U−1p − Cp
)2
. (26)
Here, the parameters are defined as
Cp = Sp(E
inf
b + 1/2)− σp(Einfb ),
P(Eb) =
[
1/U effp − Sp(Eb + 1/2) + σp(Eb)
]
,
U effp = Up − g2p/(νp − Eb), (27)
with Einfb the two-body binding energy in quasi two di-
mensions for νp → ∞. Notice that the eigenenergy of
the two-body bound state as determined by Eq. (10) is
shifted from the binding energy by the zero-point energy
along the strongly confined axial direction.
Equations (26), together with the renormalization re-
lation Eq. (22), fix the parameters in the effective 2D
Hamiltonian (21) as functions of two-body binding en-
ergy Eb, which is tuned via the physical detuning νp
through the Feshbach resonance. In Fig. 4, we plot the
parameters δp and αp for 40K and 6Li across resonance for
various SOC strengths, using the same 3D parameters as
in Fig. 1. These effective parameters behave qualitatively
differently for 40K and 6Li, mainly due to the difference in
sign of their individual background interaction. We also
show the effective interaction V effp ≡ Vp − α2p/(δp − Eb),
as it will be used for the mean-field calculation discussed
below.
Up to now, we have introduced an effective 2D Hamil-
tonian by matching single- and two-body physics with
the original quasi-2D system. This effective theory
is derived by grouping the high-energy DoF of axial
excited fermions and Feshbach molecules to define a
8dressed molecular state, while keeping the low-energy
axial ground fermions to catch the correct low-energy
physics of the corresponding many-body system. To jus-
tify the validity of this effective theory, we notice that
in the language of T -matrix, the matching conditions of
two-body binding energy and molecular fraction corre-
spond to matching the pole of two-body T -matrix and
the first derivative of T−1 around the pole, respectively.
Thus, we conclude that as the fermionic chemical poten-
tial 2µ is not far away from the bound state energy −|Eb|,
the T -matrix of the original quasi-2D Hamiltonian can be
well approximated by that of the effective 2D model
T (x) ≈ Teff(x), as |x| ≡ |2µ+ |Eb||  1. (28)
Considering the fact that 2µ + |Eb| is of the same order
as the Fermi energy EF through the BCS-BEC crossover,
and that the Fermi energy is proportional to the 2D num-
ber density EF ∝ n2D, we conclude that the effective
theory is approximately valid as the diluteness and the
quasi-2D conditions hold for the underlying Fermi gas.
IV. MANY-BODY CALCULATIONS WITH THE
EFFECTIVE TWO-CHANNEL MODEL
With the bare parameters of the effective two-channel
model fixed, we may now proceed with the many-body
calculations and demonstrate the significance of the dress
molecules. Here, we consider only the possibility of BCS
superfluid and focus on the zero CoM momentum pairing
state with q = 0. The dimensionless many-body Hamil-
tonian can be written as
Heff − µ (N↑ +N↓)− h (N↑ −N↓)
=
∑
k,σ
(k − µσ) a†k,σak,σ + (δb − 2µ)d†0d0
+λ
∑
k
[
(kx − iky)a†k,↑ak,↓ + (kx + iky)a†k,↓ak,↑
]
+αb
∑
k
(
d†0ak,↑a−k,↓ + H.C.
)
+Vb
∑
k,k′
a†k,↑a
†
−k,↓a−k′,↓ak′,↑, (29)
where N↑ (N↓) is the total number of particles in the
corresponding spin state, and the bare parameters are
fixed by the renormalization relation Eq. (22), together
with Eqs. (26). Assuming a slow-varying harmonic po-
tential in the x-y plane, we take the local density ap-
proximation (LDA) in the transverse direction such that
µ(r˜) = µ(0)− V (r˜), where V (r˜) is the dimensionless ex-
ternal trapping potential, µ(r˜) is the local chemical po-
tential, h is the effective Zeeman field. To be consistent
with the two-body calculations, we have taken the unit
of energy to be ~ωz, and the unit of length along the ith
(i = x, y) direction to be Ri = atωz/ωi. The dimension-
less radial harmonic potential is then V (r˜) = r˜2/2, with
r˜2 =
∑
i r
2
i /R
2
i .
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Figure 5: (Color online) Density distribution for spin-up
(bold, red) and spin-down (thin, black) atoms in the single-
channel (dotted) and the effective two-channel (solid) models,
with parameters: (a) at/as ∼ 0.34, λ ∼ 0.14, ωx/ωz = 10−3,
N ∼ 104, P ∼ 0.50, 2Nb/N ∼ 13%; (b) at/as ∼ −0.40,
λ ∼ 0.22, ωx/ωz = 10−3, N ∼ 104, P ∼ 0.27, 2Nb/N ∼ 5%.
For the effective two-channel calculation, the percentage of
atoms in the closed channel 2Nb/N = 2
∫
d2rnb(r)/N , where
the density distribution of the closed channel atoms 2nb are
shown with the dash-dotted line (green). The first-order
phase boundaries in (a) between the SF and TSF phases are
indicated by the abrupt jump in the density distributions.
The vertical dashed lines in (b) indicate the second-order
phase boundaries between the SF and TSF phases in the two-
channel model.
Following Ref. [13], the zero-temperature thermody-
namic potential can be evaluated on the mean-field level
Ω = −|∆|
2
V effp
+
1
2
∑
k,s=±
(ξs − Ek,s) , (30)
where the order parameter for the two-channel model
∆ = αp〈d0〉+Vp
∑
k 〈a−k,↓ak,↑〉, and V effp ≡ Vp−α2p/(δp−
Eb). The dispersion relations for quasi-particles in the
presence of SOC are given as [13]
Ek,± =
√
ξ2k + λ
2k2 + |∆|2 + h2 ± 2E0, (31)
where E0 =
√
h2 (ξ2k + |∆|2) + λ2ξ2kk2 and ξk = k −
µ(r˜). Due to the competition between pairing and po-
larization, one needs to find the global minimum of the
thermodynamic potential to avoid getting meta-stable or
unstable states.
The local chemical potentials can be determined self-
consistently from the dimensionless number equations
N˜ =
∫
d2r˜[n˜↑(r˜) + n˜↓(r˜)], (32)
P =
1
N˜
∫
d2r˜[n˜↑(r˜)− n˜↓(r˜))], (33)
where n˜↑ = −(∂Ω/∂µ + ∂Ω/∂h)/2, n˜↓ = −(∂Ω/∂µ −
∂Ω/∂h)/2, N˜ = Nωxωy/ω2z , with N the total particle
number in the trap. Solving these equations while mini-
mizing the local thermodynamic potential, we get density
distributions of the gas in a typical quasi-2D trapping
potential. The population of the dressed molecules are
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Figure 6: (Color online) Density distribution for different in-
teraction strengths with fixed SOC and polarization: (a-c)
λ ∼ 0.14, P ∼ 0.20; (d-f) λ ∼ 0.22, P ∼ 0.27. In all cases,
ωx/ωz = 10
−3, N ∼ 104, with other parameters: (a) at/as ∼
−0.36, 2Nb/N ∼ 6%; (b) at/as ∼ 0.04, 2Nb/N ∼ 13%; (c)
at/as ∼ 0.34, 2Nb/N ∼ 20%; (d) at/as ∼ −1, 2Nb/N ∼ 1%;
(e) at/as ∼ −0.5, 2Nb/N ∼ 4%; (f) at/as ∼ 0, 2Nb/N ∼ 10%.
The bold red (thin black) dotted curves are the density dis-
tribution of spin-up (spin-down) atoms in the single-channel
model, and the solid curves are the density distribution in
the effective two-channel model. The distributions for atoms
in the closed channel are shown with the dash-dotted lines
(green). In (a-c), the phase boundary between the SF and the
TSF phases are first-order for both models. While in (d)(e),
the vertical lines indicate the second-order phase boundaries
between the SF and TSF phases in the two-channel model.
In (f), as the TSF phase shows up in both models, we indi-
cate the second-order phase boundary between the SF and
TSF phases for the two-channel (single-channel) model using
a vertical dashed line in the upper (lower) plane.
given as [42]
n˜b(r˜) = 〈d†0d0〉 = |∆(r˜)|2
[
αp − Up(δp − 2µ(r˜))
αp
]−2
.
(34)
The order parameter characterizing the topological su-
perfluid (TSF) state is the same as that of the superfluid
(SF) state, since the two states have the same symme-
try and are not separated by a spontaneous symmetry
breaking. It has been shown that when the Zeeman field
h crosses
√
µ2 + ∆2 from below, an excitation gap closes
and then opens up again, while the pairing order pa-
rameter remains finite [13, 17]. The system then under-
goes a topological phase transition from an SF state to
a TSF state [17], where the winding number (Chern’s
number) becomes non-zero and Majorana zero modes
can be stabilized at the center of vortex excitations [17].
Hence, the TSF phase can be identified in the trap where
h >
√
µ2(r˜) + |∆(r˜)|2 [13, 17].
We now calculate the typical density distributions of
a polarized quasi-2D Fermi gas with SOC. In the fol-
lowing discussion, we consider 6Li as a specific example,
while results for 40K are similar on a qualitative level.
To see the effect of dressed molecules in the closed chan-
nel, we compare results from the effective two-channel
model with those of a single-channel model [13]. In
the context of quasi-2D gases, the single-channel model
can be understood as an approximation in which the
population of all excited levels in the axial direction
are neglected. One may then integrate out the low-
est axial mode and relate the two-body binding energy
|Eb| appearing in the renormalization condition in the
single-channel model to the 3D scattering length as via
|Eb| ≈ 0.915pi−1 exp
(√
2piat/as
)
~ωz [20–22].
In Fig. 5 we demonstrate the typical density distribu-
tions calculated from the two models. From these results,
we find that the dressed molecules affect properties of the
trapped gas in two different ways. First, the density dis-
tribution can be significantly modified by the inclusion
of dressed molecules [c.f. Fig. 5(a)]. Second, in the pres-
ence of dressed molecules, the in-trap phase structure can
be different. This is manifested in Fig. 5(a), where the
first-order phase boundaries between the conventional su-
perfluid phase (SF) at the center and the topological su-
perfluid phase (TSF) at the edge are shifted. Notably,
on the BCS side of the Feshbach resonance, the dressed
molecules can qualitatively alter the in-trap phase struc-
ture by inducing an additional TSF phase which is absent
in a single-channel calculation [c.f. Fig. 5(b)].
In Fig. 6, we systematically map out the density distri-
butions for fixed total particle number and polarization
while the interaction strength is tuned. Apparently, the
difference in density distribution becomes more dramatic
as the interaction strength is tuned toward the BEC side.
This also applies to the shift in the phase boundary be-
tween the SF and TSF phases [Fig. 6 (a-c)]. On the
other hand, the stability region of the TSF phase induced
by the dressed molecules increases toward the BEC side
[Fig. 6(d-f)]. The TSF phase in the single-channel model
appears near unitarity, after which the two models differ
only by a shift in the phase boundaries [Fig. 6(f)]. Impor-
tantly, in either case, the inclusion of dressed molecules
results in significant changes to the many-body proper-
ties of the system that may be probed experimentally.
The effects of dressed molecules on the density distri-
bution in quasi-2D Fermi gases have been studied be-
fore for an unpolarized case without SOC [25, 26]. In
that case, the modification of the density distribution is
only significant in the deep BEC region. In the current
case, however, the dressed molecules can have measur-
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Figure 7: (Color online) Density distribution for different polarization at resonance at/as = 0. In all cases, λ ∼ 0.14,
ωx/ωz = 10
−3, N ∼ 104, with the polarizations and the closed-channel populations: (a) P ∼ 0.10, 2Nb/N ∼ 13%; (b)
P ∼ 0.42, 2Nb/N ∼ 8%; (c) P ∼ 0.82, 2Nb/N ∼ 2%. The bold red (thin black) dotted curves are the density distribution
of spin-up (spin-down) atoms in the single-channel model, and the solid curves are the density distribution in the effective
two-channel model. The distributions for atoms in the closed channel are shown with the dash-dotted lines (green). Only
first-order phase boundaries appear here for both models.
able effects near unitarity or even on the BCS side of the
resonance. This is a combined effect of SOC and pop-
ulation imbalance. First, as discussed in the two-body
calculation, SOC causes an increase of two-body binding
energy, which can significantly populate the excited ax-
ial harmonic states and consequently enhance the effects
of dressed molecules. Second, it is also related to the
mechanism by which the population imbalance is accom-
modated in the system. Generally speaking, in a trapped
Fermi gas, the population imbalance is accounted for by
the normal phase toward the trap edge or by exotic super-
fluid phases that supports polarization, e.g. the FFLO
phase [28, 29], the BP phase [30], or the TSF phase
in the presence of SOC [4, 5]. The dressed molecules,
on the other hand, do not support polarization. There-
fore, when the dressed molecules are present, the in-trap
density distribution must be modified to accommodate
the total polarization fixed a priori. A particularly in-
teresting observation here is that exotic phases may be
induced in the trap to account for polarization even in
the presence of very small dressed molecule populations
[Fig. 6(d-e)]. We expect that this picture should hold for
a quasi-2D polarized Fermi gas without SOC.
Finally, we plot in Fig. 7 density distributions for vari-
ous polarizations at resonance. As polarization increases,
the population of the dressed molecules decreases. This
can be understood in terms of the competition between
polarization and closed-channel population, as larger po-
larization requires more population in the open chan-
nel. The results suggest that at resonance, the effects
of dressed molecules are stronger at intermediate polar-
ization.
V. SUMMARY
We study a quasi-two-dimensional Fermi gas confined
in a strong axial harmonic potential with Rashba spin-
orbit coupling and population imbalance. We analyze the
two-body bound state in such a system, and find that the
axial excited harmonic levels can be significantly popu-
lated as the binding energy becomes comparable to or
exceeds the axial confinement. The presence of Rashba
spin-orbit coupling increases the density of states in the
low-energy limit, hence causes an enhancement of two-
body binding energy, and eventually excites more parti-
cles to the high-lying axial harmonic modes. This ob-
servation implies that the degrees of freedom along the
third dimension would be important for a satisfactory de-
scription of the quasi-two-dimensional, but truly three-
dimensional system.
In order to incorporate the effects of these axial excited
modes, we introduce a dressed molecule degree of freedom
and construct an effective two-dimensional Hamiltonian
in the form of a two-channel model. The parameters
in this effective model is fixed by matching single- and
two-body physics with the original Hamiltonian. Specif-
ically, we require the effective Hamiltonian to give the
correct single-particle dispersion, background scattering
amplitude, two-body binding energy, and fraction of Fes-
hbach molecules plus dimers formed with axial excited
fermions. These matching conditions are equivalent to
fixing the pole of two-body T -matrix and the first deriva-
tive of T−1 around the pole. Therefore, the effective
model can mimic the low-energy physics as the original
Hamiltonian provided that the chemical potential is not
too far away from one half of the two-body binding en-
ergy. This condition usually holds for ultra-cold dilute
Fermi gases in quasi-2D confinement.
We then investigate many-body properties of a quasi-
2D Fermi gas using this effective Hamiltonian. We con-
clude that the inclusion of dressed molecules are crucial
for the investigation of the underlying system. Specifi-
cally, we find that the stability region of the topological
superfluid phase is increased as a result of the occupa-
tion of axial excited modes. We then systematically map
out the in-trap phase structures and density distributions
throughout the whole BCS-BEC crossover region, and
discuss the appropriate parameter region that the effects
of the dressed molecules may be observed. Our findings
are helpful for the experimental search for the topologi-
cal superfluid phase in ultra-cold Fermi gases, and have
11
interesting implications for quasi-low-dimensional polar-
ized Fermi gases in general.
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